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1. INTRODUCTION 
The purpose of this paper is to prove the following: 
THEOREM. Conway’s simple group a2 of order 42305421312000= 
2 “. 3 6. 5 3. 7.11.23 has exactly eleven conjugacy classes of maximal 
subgroups, as follows: 
(A) Five classes of non-local subgroups: 
(i) U,(2). 2 index 2300, 
(ii) WL index 47 104, 
(iii) HS. 2 index 476928, 
(iv) u,(3).& index 16 19200, 
(v) M,, index 4 147200; 
(B) Six classes of local subgroups: 
(vi) N(21°) E 2” :M,,. 2 index 46575, 
(vii) C(M) g 2 7” : S,(2) index 56925, 
(viii) C(2B) E 2r++6.24As index 1024650, 
(ix) N(24) E 24+‘o . (S, x S,) index 3586275, 
(x) N(3A) g 3:+“.2Y+‘.S, index 45337600, 
(xi) N(5A)E 5!++*:4S, index 352545 1776. 
We use standard notation for the finite simple groups, and use A .B to 
denote an arbitrary extension of A by B, while A :B and A . B denote split 
and non-split extensions, respectively. The symbol pa denotes an elementary 
Abelian group of that order, while py*” and py’*” denote the extraspecial 
groups of order PI+“‘, so that if p is odd p!++*” has exponent p, and if p = 2 
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TABLE I 
Vector Stabilizers in .2 
Vector stabilizer Index Type 
(0) -2 1 02 
(a) u,(2). 2 2300 22 
(b) 2”‘:M,,.2 46575 24 
(c) WL 47104 23 
(d) HS.2 476928 33 
@I cT,(3).G 1619200 33 
(f) 2:+s:s, 2049300 44 
(g) M*, 4147200 34 
Total = 8388608 = 22’ 
then it is the central product of n copies of D,. We shall also use the 
ATLAS names for conjugacy classes (see [2]), in which classes of elements 
of a given order are lettered in descending order of their centralizer orders. 
We shall take the group -2 to be defined as the group of automorphisms of 
the Leech lattice which fix a given minimal vector, and will usually work in 
this (reducible) 24-dimensional representation. In studying the non-local 
subgroups, however, it is most useful to consider the 23-dimensional 
indecomposable representation over GF(2) obtained from this real represen- 
tation by reducing modulo 2 and factoring out the fixed vector. 
From the information given in [ 1, 31 on sublattice stabilizers in the Leech 
lattice, we can immediately deduce that there are just eight orbits of +2 on 
the vectors in this GF(2)-representation, as shown in Table I. In the last 
column of Table I we give the type (=1/16 of the norm) of the pairs of 
vectors which the given vector lifts to in the Leech lattice. We shall use these 
names to describe the vectors in the 23-dimensional 2-modular epresentation 
of .2, so that, for example, the vectors fixed by a U,(2).2 will be described 
as being of type (2,2). The fact that none of the groups (a)-(g) is contained 
in any of the others is readily deducible from 131. They will all turn out to be 
maximal subgroups of .2, with the exception of the group (f), which is 
contained in the involution centralizer C(U) z 2y8:S,(2), a fact which will 
be proved in Section 3 below. 
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2. THE NON-LOCAL SUBGROUPS OF -2 
Assuming the classification of finite simple groups, the following is a 
complete list of the non-Abelian simple groups whose order divides the order 
of -2: 
A,,A,,A,,A,; ~,,~,,,~11,~,,; 
~5,(7), WJ), Ml 1); ~~(23); 
U,(3),L,(4), U,(3), U,(5); 
U,(2)> U,(2), ~,(2), S,(2); O,t(2); 
M,,,Mz,Mn,HS,McL; Ml*, Mxv J,. 
The groups given on the left are known to occur as subgroups of .2 (see, for 
example [ 1, 3,4]), whilst those on the right do not, as in no case is there a 
restriction of the 23-dimensional character (see Table II). In addition it is not 
hard to show, by looking at the possible character restrictions to the 20 
groups on the left, that any subgroup of .2 isomorphic to one of these groups 
must fix a vector in the real 23-dimensional representation. As an example of 
the kind of calculations involved, we do the hardest case, A,. If A 5 fixes no 
vector, then the character restriction must be the’ sum of copies of the 
rationally irreducible characters of degrees 4, 5 and 6, and so must be 
6 + 6 + 6 + 5, 6+ 5 +4 +4 +4 or 5 + 5 + 5 +4 +4. But these give 
character values -1, 2 and - 1, respectively, on the elements of order 3, all of 
which are impossible (see Table II). 
We therefore conclude that any proper non-Abelian simple subgroup of a2 
must fix a non-zero vector also in any reduction modulo 2 of the 23. 
dimensional rational representation, and so must be contained in one of the 
groups (a)-(g) given in Table I. 
PROPOSITION 1. If G is a subgroup of .2 which fixes a non-zero vector 
mod 2, and there is an outer automorphism $ of G of order 2 which is 
realizable in .2, then the corresponding subgroup G. 2 of .2 also fixes a non- 
zero vector mod 2. 
Proof. Let v be a vector fixed by G, and let vm = v’. Then either v = v’, 
in which case G. 2 fixes v, or v # v’, in which case G. 2 fixes the non-zero 
vector v + 21’. 
PROPOSITION 2. If G is a subgroup of -2 whose centralizer is a non- 
trivial soluble group, then there is a local subgroup of ‘2 which contains the 
normalizer of G. 
Proof. Let C.,(G) = S > S’ > ... > S’d-” > Std’ = 1 be the derived 
series for the centralizer of G. Then S(d-l) is a non-trivial Abelian charac- 
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TABLE II 
Conjugacy Classes in ‘2 
Class 
1A 
2A 
28 
2c 
3A 
3B 
4A 
48 
4c 
40 
4E 
4F 
4G 
SA 
5B 
6A 
6B 
6C 
60 
6E 
6F 
IA 
8A 
8B 
8C 
80 
8E 
8F 
Centralizer 
^ 
.L 
2’+s:s,(2) 
2’+6.24.A8 
2’O.A 2= 
3*+‘216;4A 5 
3 x U,(2). i 
4.26.Uz(3).2 
P’OI s, 
[2”.3’] 
[214.3] 
[2”.3] 
[2”.3] 
[28.5] 
5’+?24 
5 x q4 
3.21t4A 
[2b.34]J 
6 x S, 
[2’.33] 
[26.32] 
[25.32J 
I x D, 
[2’.3] 
[2’.3] 
B91 
i29j 
[281 
lZ61 
Character Class 
23 9A 
-9 1OA 
1 1OB 
-1 1oc 
-4 11A 
5 12A 
I 12B 
-5 12c 
3 120 
-1 12E 
3 12F 
-1 12G 
-1 12H 
-2 14A 
3 14B/C 
4 15A 
0 lSB/C 
3 16A 
-3 16B 
1 18A 
-1 20A 
2 208 
-1 23AjB 
-3 24A 
3 248 
-1 28A 
1 30A 
1 30B/C 
Centralizer Character 
9 x s, 
5X2A, 
10 x s, 
5xD, 
,2%, 
(2’.3’] 
[2’.3*] 
[2’.3’] 
[2’.3] 
(2’.3] 
[24.3] 
[24.3] 
7xD, 
14 x 2 
30 
30 
16 x 2 
16x2 
18 
20 
20 
23 
24 
24 
28 
30 
30 
2. 
2 
1 
-1 
-2 
0 
1 
-3 
2 
0 
-1 
-2 
0 
0 
-1 
0 
0 
-1 
0 
-1 
0 
0 
-2 
-1 
Note. [n] denotes an arbitrary group of order n. The symbol n is reserved for a cyclic 
group of that order. 
teristic subgroup of C.,(G), and so if p is a prime dividing the order of 
S(d--l) and T is the subgroup of Scd-” generated by elements of order p, 
then T is elementary Abelian and N.,(G) is contained in the local subgroup 
PROPOSITION 3. If G is a nondbelian simple subgroup of -2, then its 
centralizer is a (possibly trivial) soluble group. 
Proof The group G contains an element whose order is prime and at 
least 5. But the only such elements with non-soluble centralizer are those of 
class 5B, whose centralizer is a group of shape 5 x S, in which the A, has 
CONWAY'SGROUP -2 111 
type (2C, 3B, 5A). Thus the centralizer of this A, is soluble, and so cannot 
contain G. 
LEMMA. If G is a non-Abe&an simple subgroup of -2, then its normalizer 
eitherj+es a vector mod 2 or is contained in a local subgroup of .2. 
ProoJ: If C(G) is non-trivial, then Propositions 2 and 3 show that N(G) 
is contained in a local subgroup of .2. If C(G) is trivial and the outer 
automorphism group of G is a 2-group, then Proposition 1 implies that N(G) 
fixes a vector mod 2. The only remaining cases are L,(8), U,(2), L,(4) and 
U,(5), whose outer automorphism groups are respectively C,, S, , D,, 
and S,. In each of these cases then, we may assume that the (unique) outer 
automorphism of order 3 is present. Now by looking at the character tables 
of the groups L,(8).3, U,(2).3 and L,(4).3, we see that each of these 
groups, if present, must fix a vector in the real 23-dimensional represen- 
tation, and so must fix a vector mod 2, and thus by Proposition 1 the 
normalizer of such an L,(8), U,(2) or L,(4) must also fix a vector mod 2. 
In the last case, we know that any U,(5) must fix a vector, and so by 
Lagrange’s theorem must be contained in MCL or HS. 2. But we know from 
[5, 61 (or [7]) that each of these groups contains a unique class of U,(5), 
with normalizer U,(5). 2 in each case, and also from [3] or [5] that there are 
subgroups MCL and HS. 2 of .2 with intersection U,(5). 2. Thus there is a 
unique conjugacy class of U,(5) in -2, whose normalizer in ~0 can be seen 
from [3] to be the lattice stabilizer 2 x U,(5). S,. But the smallest orbit of 
this latter group on the 196560 minimal vektors of the Leech lattice has size 
6 (see [3]), and thus .2 contains no subgroup isomorphic to U,(5). 3. (Alter- 
natively we can easily show that there is no character restriction to U,(5). 3.) 
This completes the proof of the lemma. 
3. THE LOCAL SUBGROUPS OF .2 
We observe that N(23) E 23.11 is contained in M,, , and N(11) z 11.10 is 
contained in U,(2).2, while C(7)= 7 X D,, so N(7) E (7.3 X D,).2 is 
contained in one of the involution centralizers. Also, N(5B) g 5.4 x S, and 
is contained in HS. 2, while N(5A) z 5 v2 : 4S,, and will turn out to be 
maximal since it is not contained in either MCL or HS. 2. Now all non- 
central elements of the Sylow 5-subgroup 5 p2 are of class 5B in -2, so any 
group of order 25 contains a unique cyclic subgroup generated by elements 
of class 5A, and so N(5’) is contained in N(5A). 
We consider next the 3-local subgroups. The argument depends on details 
of the 3-local structure of U,(2), for which proofs are not given here as the 
group has been extensively studied and the assertions made below can be 
readily verified. The 3B-normalizer N(3B) E S, x U,(2). 2 is contained in 
U,(2). 2, while the 3A-normalizer N(3A) g 3 y 4. 2 L+“. S, is not contained in 
112 ROBERT A. WILSON 
any of the other groups mentioned in the theorem, since by Lagrange’s 
theorem it could only be contained in U,(3).D, or U,(2).2, and neither of 
these groups has a 3-normalizer of this shape. Now there is no possible 
character restriction to any 3A-pure group of order 9, and so every non- 
cyclic elementary abelian 3-subgroup of .2 must contain an element of 
class 3B. We suppose for the rest of this paragraph that X is an elementary 
Abelian 3-group containing an element x of class 3B, and that U is the U,(2) 
in C.,(x). Now U,(2).2 contains three classes of 3-element, with centralizers 
3 ‘++ 2 :2A,, 3’ : D, and 3 3 : 22, respectively, and there is no 9-group containing 
only elements of the first (central) type. If Xn U contains only elements 
central in a Sylow 3-subgroup of U, then it has order 9 and contains just two 
3A-elements, and so its normalizer is contained in N(3A). Otherwise, X 
contains a non-central 3-element in U, and then C.,(X) has a normal 
subgroup of shape 34, whose non-trivial elements are 20 of class 3A and 60 
of class 3B. Since there is a unique class of 33-group in U,(2), it follows that 
there is a unique class of 34-group in -2. The normalizer of this group in 
C(3B) is 3 x 3 3. S,. 2, and so its normalizer in -2 is a group of order at most 
60.3. 33. 24.2 = 26. 36. 5. But the group U,(3). D, already contains a group 
34 .A,. D, of this order normalizing a 34-group. 
Finally we consider the 2-local subgroups of .2, and we follow the 
argument used in [4] to classify the 2-local subgroups of. 1. For ease of 
reference we shall follow Curtis’ notation for involutions in -0. He denotes 
the three classes of non-central involutions in .O by the letters B, C, D, which 
correspond to the ATLAS classes 2A, 2C, 2A in .l, and 2A, 2C, 2B in .2, 
respectively. Note that the F-“involutions” are of order 4 in .O and so cannot 
be contained in .2. Now Lemma 2.2 of [4] states that the normalizer of any 
elementary Abelian subgroup of . 1 which contains C-involutions is contained 
in a conjugate of one of the following four groups: 
(A) 2” :M,,, the “cross group,” 
(B) 2’“.26.3S6.S3 g 24+‘2 . (3S, x S,), the “sextet group,” 
(C) 2*.26.S3.L4(2)g 2 2t 12. (S, x L,(2)), the “trio group,” 
(D) C.,(2B)= C.,(2D) E 2:+‘. O,+(2). 
Second, Lemma 2.5 of [4] can be strengthened slightly, to state that the 
normalizer of any BD-pure subgroup is contained in one of these four groups 
(Curtis includes also .2), since the group which Curtis denotes (4) is 
contained in a unique elementary Abelian 26-group, viz., the group ((7), a) 
in his notation, whose normalizer is contained in the centralizer of a D- 
involution. 
PROPOSITION 4. The normalizer in -2 of any elementary Abelian 2- 
subgroup of .2 is contained in some conjugate in a1 of one of the above 
subgroups (A)-(D) of - 1. 
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Proof: Note that the centralizer in ‘1 of a B-involution is equal to that of 
its negative, which is a D-involution, while the centralizer of a C-involution 
is 2i1 :M,, and is contained in 2i’ X,,. The proposition now follows from 
the above remarks. 
It remains therefore to find the orbits of these four groups on minimal 
vectors, and to determine which of the corresponding subgroups of ‘2 are 
maximal therein. Now a “cross” or co-ordinate frame of 48 vectors of type 4 
corresponds to a single vector mod 2, which is not the fixed vector of any .2. 
Thus any subgroup of the cross stabilizer 2” :M,, that is contained in .2 
must fix a non-zero vector of type (2,4), (3,4) or (4,4) in the 23- 
dimensional 2-modular representation, and so must be contained in one of 
the groups (b), (f) or (g) of Table I. [Note also that there is a unique B- 
involution in the normal 2l’-subgroup fixing a given vector of shape 
(28,.016), and so the subgroup (f) of -2 of shape 25.24.SBr2y8:Sg 
obtained by fixing this vector is contained in the involution centralizer 
2 y : S,(2).] 
Next, we consider the involution centralizer C .,(z) z 2:’ . O:(2). If z is 
in .2 then C,,(z)% 27’: S,(2) or 2’t6.24A,. If z is not in .2, then z takes 
our fixed vector to a distinct vector of type 2, which must be fixed by C.,(z), 
and so C.,(z) is contained in one of the vector stabilizers (a), (b) or (c) (see 
Table I). 
In considering the remaining cases, viz., (B) and (C), we shall use 
Conway’s version of Curtis’ MOG (which differs from the original version in 
that the last two columns are interchanged). The group 24+‘2 . (3S, x S,) 
permutes a set of three co-ordinate frames transitively, and may be regarded 
as the subgroup of -1 which preserves the division of the MOG into columns. 
It has four orbits on minimal vectors, as follows: 
~~~~~‘~~ 
no. = 12 no. = 1440 no. = 23040 no. = 13128 
Fixing a vector in the first orbit gives us a subgroup 24+‘o . (S, X S,) of 02, 
while there is only one involution from our normal 2*-group fixing a vector 
in either the second or the third orbit, and so the corresponding subgroups of 
a2 are contained in one of the involution centralizers. In the last case, there is 
only one B-involution from the normal subgroup 2*+” : S, fixing this vector, 
and so the subgroup of ~2 obtained by fixing this vector is contained in the 
corresponding involution centralizer. 
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Finally, the trio group 2’+ ‘*. (S, x L,(2)) is the normalizer of a four- 
group, whose three involutions may be taken (modulo -1) to be the sign- 
changes on the three “bricks” of the MOG. it has three orbits on minimal 
vectors, 
440000 
000000 
000000 
000000 
no. = 360 no. = 5760 no. = 92160 
In the first two cases there is a unique involution in the normal four-group 
that fixes the vector, and so the corresponding subgroup of -2 is contained in 
one of the involution centralizers. In the third case there is a unique 
involution in the normal four-group which takes our fixed vector to a vector 
orthogonal to it, and so the corresponding subgroup of a2 is contained in the 
centralizer in -2 of an involution outside ~2, which we have already con- 
sidered. 
This concludes the proof of the theorem. 
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